In this paper we prove that every collection of measurable functions α , |α| = , coincides a.e. with th order derivatives of a function ∈ C −1 whose derivatives of order − 1 may have any modulus of continuity weaker than that of a Lipschitz function. This is a stronger version of earlier results of Lusin, Moonens-Pfeffer and Francos. As an application we construct surfaces in the Heisenberg group with tangent spaces being horizontal a.e.
Introduction
In 1917 Lusin [8] proved that for every measurable function : R → R there is a continuous function : R → R that is differentiable a.e. and such that ( ) = ( ) for almost all ∈ R. A first important step toward a generalization of Lusin's theorem to higher dimensions was obtained by Alberti [1] who proved that any measurable function on R coincides with the gradient of a C 1 function up to a set of an arbitrarily small measure. Using methods of Alberti, Moonens and Pfeffer [9] established the complete higher dimensional version of the Lusin theorem, and then Francos [6] extend the thorem to higher order derivatives. Francos proved that if α , |α| = are measurable functions in an open set Ω ⊂ R , then there is a function ∈ C −1 (Ω) that is times differentiable a.e. and such that for all |α| = , D α = α a.e. It is easy to see that in general one cannot require that ∈ C −1 1 loc , i.e. one cannot assume that the derivatives of order − 1 are Lipschitz continuous. For example in the case = 1 one cannot find a locally Lipschitz continuous function on R 2 such that ∇ ( ) = 2 −2 . Indeed, such a function would be harmonic and hence smooth and it would satisfy = which is impossible. Clearly, continuity of derivatives of order − 1 in Francos' theorem results from some uniform convergence and one could expect that with keeping track of estimates it should be possible to prove Hölder continuity of derivatives of order − 1. However, as we will see, a much stronger result is true. Namely we shall prove that it is possible to construct a function with any modulus of continuity of derivatives of order − 1 which is worse than that of a Lipschitz function. 
for all ∈ R and all 0 ≤ |γ| ≤ − 2;
for all ∈ R and all |γ| = − 1.
In particular, we can take such that the derivatives D γ , |γ| = − 1, are λ-Hölder continuous simultaneously for all λ ∈ (0 1).
As an application of this theorem we construct horizontal graphs in the Heisenberg group, see Theorem 3.2. For a related construction, see also [2] . The paper is organized as follows. In Section 2 we prove Theorem 1.1. In Section 3 we provide a brief introduction to the Heisenberg group and then we provide a construction of horizontal graphs based on Theorem 1.1. The notation is pretty standard. By C we will denote a general constant whose value may change within a single string of estimates. By writing C ( ) we mean that the constant depends on parameters and only. The symbol C (Ω) will stand for the class of compactly supported C functions. 
Proof. For the proof of existence of ∈ C (Ω) with properties (1)- (4), see [6, Theorem 2.4] . We need to prove that can be modified in such a way that (5) and (6) are also satisfied. Let K ⊂ Ω be a compact set such that |Ω \ K | < ε/2 and | K is bounded. Let˜ = χ K , where χ K is the characteristic function of K . Clearly ||˜ || ∞ < ∞. By continuity of µ we can find δ > 0 such that
Here C ( ) is the constant from the inequality at (3). In particular if
Applying (1)- (4) to˜ we can find ∈ C (R ) and a compact set K ⊂ Ω such that
for all |α| = and 1 ≤ ≤ ∞;
for all 0 ≤ |γ| < .
Let K = K ∩ K , then |Ω \ K | < ε and it is easy to see that the function has the properties (1)- (4) from the statement of the lemma. It remains to prove properties (5) and (6) .
The proof is complete.
Proof. Now we can complete the proof of Theorem 1.1. We follow the argument used in [6] and [9] , and the only main modification is that we are using the improved estimates from Lemma 2.1. 
, for all ∈ R and |γ| < ;
We now proceed with an inductive definition. Suppose that the sets K and a function ∈ C (V ) such that
We now take = ∞
=1
. We will prove that satisfies the claim of the theorem. First, to see that ∈ C −1 (R ), we observe that, by (b'), The proof is complete.
The Heisenberg group
In this section we will show how to use Theorem 1.1 to construct horizontal graphs in the Heisenberg group. While our construction works for the groups H , for the sake of simplicity of notation we will restrict to the group H 1 ; the generalization to the case of H is straightforward. For more information about the Heisenberg group and for references to results that are quoted here without proof, see for example [4] . The Heisenberg group H 1 can be defined as the Lie group (C × R = R 3 * ) where
A basis of left invariant vector fields is given by
Here and in what follows we use notation ( ) = ( ). The Heisenberg group is equipped with the horizontal distribution HH 1 , which is defined at every point ∈ H 1 by
The distribution HH 1 is equipped with the left invariant metric g such that the vectors X ( ) Y ( ) are orthonormal at every point ∈ H
1 . An absolutely continuous curve γ : [ ] → H 1 is called horizontal if γ ( ) ∈ H γ( ) H 1 for almost every . The Heisenberg group H 1 is equipped with the Carnot-Carathéodory metric which is defined as the infimum of the lengths of horizontal curves connecting two given points. The lengths of curves are computed with respect to the metric g on HH 1 . It is well known that any two points in H 1 can be connected by a horizontal curve and hence is a true metric. Actually, is topologically equivalent to the Euclidean metric. Moreover, for any compact set K there is a constant C ≥ 1 such that
for all ∈ K . In what follows H 1 will be regarded as a metric space with metric . The Heisenberg group is an example of a sub-Riemannian manifold [7] . It is often more convenient to work with the Korányi metric which is bi-Lipschitz equivalent to the Carnot-Carathéodory metric and it is much easier to compute. The Korányi metric is defined by
For nonnegative functions and we write ≈ if C −1 ≤ ≤ C for some constant C ≥ 1. Thus bi-Lipschitz equivalence of metrics means that K ≈ . A straightforward computation shows that for = ( ) = ( ) and = ( ) = ( ) we have
The inequality (3.2) implies that the identity mapping from H 1 to R 3 is locally Lipschitz, but its inverse is only locally A problem which is related, but of independent interest, is that of finding estimates for the size of the characteristic set on a surface S in H 1 . We say that a point on a surface in the Heisenberg group is characteristic if the tangent plane at this point is horizontal. The characteristic set C (S) is the collection of all characteristic points on S. In general the Hausdorff dimension of C (S) on a regular surface is small. Denote by E and dim E the Hausdorff measure and the Hausdorff dimension with respect to the Euclidean metric. Balogh [2] proved that if S is a C 2 surface in H 1 , then dim E (C (S)) ≤ 1 and if S is a C 1 1 surface, then dim E C (S) < 2. On the other hand he proved that 0<α<1 C 1 α surfaces may satisfy 2 E (C (S)) > 0. For other related results, see [5] . We should also mention the paper [3] that contains a construction of horizontal fractals being graphs of BV functions. These questions motivated us in the construction of the example that we describe next (Theorem 3.2) . In what follows we will investigate surfaces in H 1 being graphs of continuous functions of variables ( ). Given a function : Ω → R, Ω ⊂ R 2 we denote by Φ( ) = ( ( )) the canonical parametrization of the graph. We regard Φ as a mapping from Ω to H 1 .
Proposition 3.1.
Suppose Ω ⊂ R 2 is bounded and let α ∈ (0 1]. Proof. Suppose that is α-Hölder continuous. We need to prove that
Since Ω is bounded and ≤ C α/2
for all ∈ Ω. Similarly boundedness of Ω yields
The above estimates and the α-Hölder continuity of readily imply (3.4) . Suppose now that Φ is α/2-Hölder continuous, i.e., (3.4) is true. The triangle inequality, (3.4) and (3.4) yield
which in turn implies α-Hölder continuity of . The proof is complete.
If : Ω → R, Ω ⊂ R 2 is Lipschitz continuous, then is differentiable a.e. and hence the graph of has a tangent plane for a.e. ∈ Ω. However, it cannot happen that the tangent plane to the graph is horizontal a.e. Indeed, it is well known and easy to check that the tangent plane at ( ( )) is horizontal if and only if ∂ ∂ = 2 and
but we have already checked at the beginning of this article that this system of equations admits no Lipschitz solutions. However, we have the following result. This result is a straightforward consequence of Theorem 1.1 in the case of = 1 and 1 = 2 , 2 = −2 . Note that for almost all ( ) ∈ R the corresponding points on the surface are characteristic. The result is sharpany modulus of continuity stronger than that in (1) would mean that the function is Lipschitz continuous and for such functions there are no surfaces with the property (3). Proposition 3.1 allows one to reinterpret the theorem in terms of Hölder continuous surfaces with horizontal tangent planes. We leave details to the reader.
